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We consider an initial condition problem in a nearly quadratic chaotic inﬂation model in supergravity. 
We introduce shift symmetry breaking not only in the superpotential but also in the Kahler potential. 
In this model the inﬂaton potential is nearly quadratic for inﬂaton ﬁeld values around the Planck scale, 
but deviates from the quadratic one for larger ﬁeld values. As a result, the prediction on the tensor-to-
scalar ratio can be smaller than that of a purely quadratic model. Due to the shift symmetry breaking 
in the Kahler potential, the inﬂaton potential becomes steep for large inﬂaton ﬁeld values, which may 
prevent inﬂation from naturally taking place in a closed universe. We estimate an upper bound on the 
magnitude of the shift symmetry breaking so that inﬂation takes place before a closed universe with a 
Planck length size collapses, which yields a lower bound on the tensor-to-scalar ratio, r 0.1.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Cosmic inﬂation is an essential ingredient of the modern cos-
mology. It solves the horizon and ﬂatness problem [1,2]. Further, 
so-called slow-roll inﬂation [3,4] (see also Ref. [5]) predicts almost 
scale invariant cosmic density perturbations [6–10], which explains 
the observed large scale structure of the universe and the cosmic 
microwave background [11,12].
Among inﬂation models, chaotic inﬂation [13] is the most at-
tractive model since it is free from the initial condition problem. 
Especially, even if the universe is closed and likely to collapse just 
after the beginning of the universe, the potential energy of the 
inﬂaton easily dominates before the collapse and hence inﬂation 
naturally takes place [14].
Chaotic inﬂation models have been extensively studied in the 
framework of supergravity (SUGRA). Chaotic inﬂation in SUGRA 
was realized in Ref. [15] by an R symmetry and a shift symmetry. 
The inﬂaton potential is given by small soft breaking of the shift 
symmetry in the superpotential W , which leads to the quadratic 
chaotic inﬂation model.
In Refs. [16–18], shift symmetry breaking was also introduced 
in the Kahler potential K , with which the inﬂaton potential de-
viates from the quadratic one. It was shown that the prediction 
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SCOAP3.on the spectral index and the tensor-to-scalar ratio is signiﬁcantly 
altered. As a result the model becomes consistent with the con-
straint from the Planck experiment [18]. Especially, the tensor-to-
scalar ratio r is much smaller than the prediction of the purely 
quadratic model if the shift-symmetry breaking in the Kahler po-
tential is non-negligible.
However, if the shift symmetry is largely broken in the Kahler 
potential, the inﬂaton potential obtains large SUGRA effects for 
large inﬂaton ﬁeld values. The inﬂaton potential depends on the 
inﬂaton ﬁeld through an exponential factor eK and hence it blows 
up exponentially for large inﬂaton ﬁeld values.1
It should be reminded that for chaotic inﬂation to naturally take 
place even in a closed universe, the inﬂaton potential must be ﬂat 
enough for a large ﬁeld value where the inﬂaton potential energy 
is as large as the Planck scale [14]. If the inﬂaton potential is too 
steep for the large ﬁeld value, inﬂation is unlikely to take place. 
Thus, there is an upper bound on the magnitude of the shift sym-
metry breaking in the Kahler potential.
In this letter, we derive an upper bound on the magnitude of 
the shift symmetry breaking in the Kahler potential, using the 
framework proposed in Ref. [18]. The upper bound leads to the 
lower bound on the tensor-to-scalar ratio, r  0.1.
1 If the Kahler potential is logarithmic of the inﬂaton ﬁeld, the exponential blow 
up is absent. We do not consider this case in this letter. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Charge assignment of (spurious) ﬁelds. c is an arbitrary real number.
R Z2 Shift
X 2 −1 X → X
Φ 0 −1 Φ → Φ + ic
m 0 +1 m →m Φ
Φ+ic
2. Supergravity chaotic inﬂation
In this section, we review a chaotic inﬂation model in SUGRA 
proposed in Ref. [15]. In SUGRA, the scalar potential is provided 
by the Kahler potential K (φi, φ i¯
†
) and the superpotential W (φi), 
where φi and φ i¯† are chiral multiplets and their conjugate, respec-
tively.2 The scalar potential is given by
V = eK [K i¯i DiW Di¯W † − 3|W |2],
DiW ≡ Wi + KiW , (1)
where subscripts i and i¯ denote derivatives with respect to φi
and φ i¯†. K i¯i is the inverse of the matrix Kii¯ . Here and hereafter, 
we take a unit with the reduced Planck scale MPl  2.4 ×1018 GeV
being unity.
Let us introduce two chiral multiplets Φ and X , and consider 
the following super and the Kahler potentials,
W =mXΦ,
K = K (X X†, (Φ + Φ†)2)= 1
2
(
Φ + Φ†)2 + X X† + · · · , (2)
where · · · denotes higher dimensional terms and m is a dimension-
ful parameter. The super and the Kahler potentials are generic un-
der an R symmetry, a Z2 symmetry and a shift-symmetry, which 
are summarized in Table 1.3 m is a holomorphic suprion which ex-
presses shift symmetry breaking. We discuss a model without Z2
symmetry later.
Due to the shift symmetry, the imaginary part of the scalar 
component of Φ , which we denote as φ/
√
2, does not obtain the 
exponential factor in Eq. (1). The potential of φ remains ﬂat for 
|φ|  1, and hence we identify φ as the inﬂaton. The potential of 
φ is given by
V (φ) = 1
2
m2φ2, (3)
where we have put X = Re(Φ) = 0, assuming that they obtain 
positive Hubble induced masses by Planck scale suppressed inter-
actions.
The holomorphic shift symmetry breaking parameter m is de-
termined by the observed magnitude of the curvature perturbation 
Pζ  2.2 × 10−9 [12],
m  6× 10−6 = 2× 1013 GeV. (4)
The spectral index ns and the tensor-to-scalar ratio r are given by
ns = 1− 2
Ne
 0.967 (Ne = 60),
r = 8
Ne
 0.133 (Ne = 60), (5)
where Ne is the number of e-foldings corresponding to the pivot 
scale.
2 D term potentials are irrelevant for our discussion.
3 Shift symmetry breaking terms such as K ⊃ F ((mΦ +m∗Φ†)2) does not change 
the following discussion since m is very small, m = O (10−5).In addition to the holomorphic shift symmetry breaking pa-
rameter m, we introduce a real shift symmetry breaking param-
eter E [18] whose transformation law under the shift symmetry 
is
E → E (Φ − Φ
†)2
(Φ − Φ† + 2ic)2 . (6)
Kahler potential terms which break the shift symmetry are given 
by4
K ⊃ F (E(Φ − Φ†)2)
≡
∞∑
n=1
c2n
(2n)!E
n(Φ − Φ†)2n
= E
2
c2
(
Φ − Φ†)2 + E2
4! c4
(
Φ − Φ†)4 + · · · . (7)
The scalar potential of the inﬂaton φ is now given by5
V (φ) = 1
2
m2φ2 × exp
[ ∞∑
n=1
2nc2n
(2n)! (−E)
nφ2n
]
. (8)
As we will see, the inﬂaton dynamics for large ﬁeld values with 
|Eφ2| > 1 is relevant for the initial condition problem. Hence, 
we assume that |c2n| = O (1), which ensures the convergence of 
the expansion in Eq. (7) for |Eφ2| > 1.6
Let us discuss the dynamics of the inﬂaton. For |Eφ2| 
 1, the 
ﬁrst and second slow-roll parameters are given by [18]
(φ) = 1
2
(
Vφ
V
)2
= 2
φ2
(
1− 2c2Eφ2 + 3c
2
2 + 2c4
3
E2φ4
)
+ O(E3),
η(φ) = Vφφ
V
= 2
φ2
(
1− 5c2Eφ2 + 6c
2
2 + 7c4
3
E2φ4
)
+ O(E3), (9)
where subscripts φ denote derivatives with respect to φ. The re-
lation between the number of e-foldings Ne and the inﬂaton ﬁeld 
value is
Ne(φ) = 1
4
(
φ2 − φ2end
)+ c2
8
E(φ4 − φ4end)
+ 3c
2
2 − c4
36
E2(φ6 − φ6end)+ O(E3), (10)
with φend 
√
2.
The spectral index ns and the tensor-to-scalar ratio are written 
by the slow roll parameters as
ns = 1− 6 + 2η, r = 16. (11)
In Fig. 1, we show r as a function of c2E . It can be seen that r
can be smaller than the prediction of the purely quadratic model 
shown in Eq. (5) for positive c2E . This is because the potential at 
around Ne = 50–60 becomes ﬂatter for positive c2E . Since we are 
interested in the lower bound on r, we consider positive c2E in 
the followings.
4 Note that the notation is different from that of Ref. [18].
5 Shift symmetry breaking terms such as K ⊃ X X†E(Φ −Φ†)2 also contributes to 
the scalar potential. As long as the inﬂaton dynamics for |Eφ2|  1 is concerned, 
the contribution can be absorbed by redeﬁnitions of c2n .
6 This is our basic assumption. If this is not satisﬁed, we cannot obtain any nu-
merical constraints on model parameters for chaotic inﬂation to naturally take place.
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rameter E .
Fig. 2. Slow roll parameters at the inﬂaton ﬁeld value φMPl where the inﬂaton po-
tential energy is as large as M4Pl.
Before closing this section, let us comment on the magnitude 
of E and m. In order to obtain the deviation of the tensor-to-scalar 
ratio from the prediction of the purely quadratic model, |E | m is 
required. Such hierarchy of the parameters is stable against quan-
tum corrections due to the non-renormalization theorem of the 
superpotential [19], and hence is technically natural.
3. Lower bound on tensor-to-scalar ratio
In the previous section, we have reviewed the SUGRA chaotic 
inﬂation model. We have shown that the tensor-to-scalar ratio can 
be smaller than the purely quadratic model by considering the real 
shift symmetry breaking spurion E . However, for E = 0, the inﬂa-
ton potential is steep for large ﬁeld values due to the exponential 
factor in the scalar potential.
Note that for inﬂation to naturally take place even in a closed 
universe, the inﬂaton potential must ﬂat enough for a large inﬂa-
ton ﬁeld value where the inﬂaton potential energy is as large as 
the Planck scale [14]. Otherwise, the closed universe will collapses 
before slow-roll inﬂation starts. Thus, there is an upper bound on 
the magnitude of the shift symmetry breaking E , if the universe is 
closed.
The upper bound can be roughly estimated as follows. We de-
ﬁne the inﬂaton ﬁeld value φMPl as the ﬁeld value where
V (φMPl) = 1
(= M4Pl). (12)
Then the upper bound on E is estimated by requirements (φMPl ), |η(φMPl)|  1. In Fig. 2, we show (φMPl ) and |η(φMPl )| as a func-
tion of E . We put c2 = −1, c2n = 1 for n > 1 and E < 0, for the 
time being. We take negative E and positive c2n (n > 1) in or-
der to ensure a monotonously increasing inﬂaton potential, and Fig. 3. Evolution of ρpot , ρkin and ρK for E = −10−3.5.
take negative c2 to suppress the tensor-to-scalar ratio. From Fig. 2, 
we obtain the upper bound on |E |,
|E| 10−3, (13)
which indicates the lower bound on r,
r  0.1. (14)
Let us conﬁrm this estimation by solving the inﬂaton dynamics 
in a closed universe numerically. For simplicity, we approximate 
the closed universe by a closed Friedmann–Robertson–Walker uni-
verse, whose metric is
ds2 = −dt2 + a2(t)
(
dr2
1− Kr2 + r
2dΩ2
)
, (15)
with K > 0. In the following we put K = 1 by rescaling r. After this 
rescaling the spatial curvature radius is given by ∼ a, and hence 
a(0) is the initial physical size of the universe. The Friedmann 
equation and the equation of motion of the inﬂaton are given by
H2 =
(
a˙
a
)2
= ρtot
3
− 1
a2
, (16)
φ¨ + 3Hφ˙ + Vφ = 0, (17)
where dots denote derivatives with respect to the time and ρtot is 
the total energy density of the universe.
We consider the evolution of the potential energy of the inﬂa-
ton ρpot = V (φ), the kinetic energy of the inﬂaton ρkin = φ˙2/2 and 
the spatial curvature density ρK = −3/a2. The radiation and mat-
ter energy densities are negligible, because they are diluted much 
faster than the spatial curvature density is. The gradient energy 
density is diluted as fast as the spatial curvature density is, and 
hence its effect on the inﬂaton dynamics can be represented by 
changing the initial spacial curvature density.
In Fig. 3, we show the evolution of ρpot, ρkin and ρK for E =
−10−3.5. Here, we put the initial scale factor a(0) = 2, φ(0) = φMPl
and φ˙(0) = −1. Since slow-roll conditions are satisﬁed, the slow-
roll inﬂation starts before the universe collapses. In Fig. 4, we show 
the same plot for E = −10−2.5. The inﬂaton rolls down rapidly and 
hence the universe eventually collapses. (Notice that the universe 
begins to collapse when H2 = (ρpot + ρkin + ρK )/3 = 0.)
In Fig. 5, we show the upper bound on |E | so that inﬂa-
tion begins before the universe collapses for various a(0). Here, 
we consider two cases with initial conditions φ(0) = φMPl and 
φ(0) = φMPl − 1 in order to estimate the effect of the ﬂuctuation 
of the initial inﬂaton ﬁeld value, which we expect to be as large 
as the Planck scale. For larger a(0), the initial size of the closed 
universe is larger and hence inﬂation is more likely to take place 
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Fig. 5. Upper bound on E for given a(0) and φ(0) = φMPl , φMPl − 1.
before the universe collapses. Unless the initial size of the uni-
verse is much larger than the Planck length, |E | must be smaller 
than 10−3.
In the above analysis, we have assumed c2 = −1 and c2n = 1 for 
n > 1. In fact, O (E3) terms in Eq. (7) is unimportant for the inﬂa-
ton dynamics. (Notice that V (φ)  1 requires |Eφ2|  10.) In Fig. 6, 
we show the bound on c2E and c4E2 for a(0) = 2, φ(0) = φMPl
and φ˙(0) = −1 with neglecting O (E3) terms in Eq. (7). We also 
show the contour of r. In the blue-shaded region, the closed uni-
verse collapses before inﬂation begins. In the red-shaded region, 
there is a local minimum in the inﬂaton potential for φ < φMPl
and hence inﬂation ends only through quantum processes.7 From 
Fig. 6, we obtain the lower bound on r, r  0.07, as expected in 
our rough estimation in Eq. (14).
We have assumed the Z2 symmetry in Eqs. (2) and (7) in the 
above model. For a model without the Z2 symmetry, we have, nev-
ertheless, obtained a similar bound, r  0.1.
4. Summary and discussion
In this letter, we have considered the initial condition problem 
in a SUGRA chaotic inﬂation model with shift symmetry break-
ing in the Kahler potential. We have estimated an upper bound on 
the shift symmetry breaking in the Kahler potential for a closed 
universe of a size of the Planck length not to collapse before in-
7 Around the upper edge of the red-shaded region, the ﬁeld value of the inﬂaton 
after the quantum process is large enough that the e-ﬁndings of 50–60 is possible 
afterwards.Fig. 6. Bound on c2E and c4E2 for a(0) = 2, φ(0) = φMPl and φ˙(0) = −1. (For inter-
pretation of the references to color in this ﬁgure, the reader is referred to the web 
version of this article.)
ﬂation takes place. The upper bound gives a lower bound on the 
tensor-to-scalar ratio, r  0.1. If a smaller tensor-to-scalar ratio is 
observed, it indicates that our universe has its initial size larger 
than the Planck length, or it is open.
In the purely quadratic chaotic inﬂation model, the initial ﬁeld 
value of the inﬂaton must be as large as m−1 ∼ 105 in order for 
inﬂation to take place in a closed universe. With shift symmetry 
breaking in the Kahler potential E = O (10−3), we see that the ini-
tial ﬁeld value of the inﬂaton can be as small as O (100). Namely, 
the required range of the inﬂaton ﬁeld value can be much smaller 
if the shift symmetry breaking in the Kahler potential is as large as 
E = O (10−3). It is well known that in the purely quadratic chaotic 
inﬂation model, the stochastic effect dominates over the classical 
motion for large inﬂaton ﬁeld values and hence eternal inﬂation 
necessarily occurs [20–22]. For the large shift symmetry breaking 
in the Kahler potential such as E = O (10−3), the stochastic effect 
is negligible because of the steep potential. Eternal inﬂation does 
not take place.
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